In a paper printed in the second part of the fifteenth volume of the ' Manchester Memoirs,' I have given a systematic exposition of Mr. C ockle's Method of Symmetric Products, and its application to the finite algebraic solution of the lower equations. In that paper, to which I shall in future, refer as my original memoir, I have also defined a new cyclical symbol, and I have by its aid succeeded in effecting the direct calculation of a certain sextic equation, on whose solution that of the general quintic may be made to depend. In an Addendum I have pointed out the connexion between the circular functions which occur in my own researches and those to which we are led by the theory of L agrange and V anderm onde, and, by means of the cyclical process, I have given a neat expression for the first coefficient of L agrange's reducing equation. These researches I have followed up in an article " On the Theory of Quintics," in the third volume of the ' Quarterly Journal of Pure and Applied Mathematics.' My present pur pose is not to repeat, but to endeavour to generalize and extend former results. I shall therefore content myself with a very brief resume of my investigations, referring the reader for details to the above works. Mr. C ockle's earlier researches on the subject were published in a series of five papers " On the Transformation of Algebraic Equa tions," printed in the first and third volumes of ' The Mathematician *.' S ection I.
The Method o f Symmetric P r o d u c t s , and a New Application o f it to the Solution o f the Lower Equations.
1. Any n symbols #15 #2, #3, . . . xn may be regarded as the roots of an equation of the form (a, b, c, . . . 5£r, l ) 
n= a (x -r })(x-x2)(x-x3) . . . (x-xn) = 0 f .
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Let X , X 2, X 3, X rt_! be linear unsymmetric functions of and of the form where the n -1 constants Ic^, Jc2, . . . 7cn-i nre aibitrary. Then if n be less than 5, the constants which occur in the n -1 functions may be so d to render the product r n-i{x)or X xX 2X 3. . . X ra_x (or, when n -2, X 2) symmetric relatively to x ; but if n be equal to, or great the symmetry is not in general attainable. The product 5r"_x(#) is called the symmetric or resolvent product according as it is or is not symmetric. W hen this symmetry exists, nn_i(x) can of course be expressed as a rational function of the coefficients a, c, &c. W hen it does not exist, we form the analogues of the functions which enter into the symmetric cases, and the symmetric product Tl(x) is then obtained by multiplying together the several unequal values which the resolvent product srM _x(#) can be made to take by the permutation of the #'s ; and II(#) may, in this case also, be expressed as a rational function of the coefficients.
2. The simplest case is the quadratic being rational and so constructed as to make w{y) vanish. I t is true that the eva nescence of ic leads to an immediate solution, and that when y is known, # is also known. But this evanescence is not essential to the theory; and we are conducted to more signi ficant results by dispensing with it.
4. For the quartic (a, b, c, assume (cyclically) X x = 4-X 2 = #x X j -v Fi ^3^2 " ] ^'1^*3 ] ^2^45 and fr3(^) = X 1 X aX 3.
Then, as before, combining the conditions of symmetry and rejecting those values of k which would render X symmetric, we are led to the cubic -Jc-1 = 0 , of which the roots are -1 ,1 and -1. Let therefore X^# ! -#2+#3*~ #4 X 2 = #x + #2--#3---#4
X 3= # j -#2-#3"i"#4
" '49 '4 9 45 then wjijx) = X j X 2 X 3 = ( 8^!^^= ( -b3-\-4
5.
The following solution is due to Mr. C ockle, who communicated it to me in Se tember of last year. I t may be considered as an extension of a solution of the complete cubic which I sent to him in January of the same year, and which, not essentially differing from the above, has a certain resemblance to that given by M urph y in the 1 Philosophical Transactions * for 1837.
Let f l -&l %2 1 ^3 9 and / 2 = # i + # 2 -#3 -#4 9 * then r\ 1 
or =^( _ 6 4"3e+ 16 a 5 M + 1 6 a V " 1 6oJV+3i<)' -7 T 2 It hence appears that f l , f \ and ^-:2 are the roots of the cubic J1 /2 (a4, 8&3<?-3a232, -64#3tf + l -16#32c-|-334, «V2^jP , 1)3= 0 .
When f is known, a? is given by
and the corresponding formulae for x2, xz, 6. Next, for the quintic (a, b, c, d, e, f \ x , 1) 
, and cr4(# )= X 1X 2X 3X 4.
In regard to the above distribution of the constants #2, k2, Jc^ it will be observed that they are arranged according to the following scheme: 1 2 3 4 2 4 1 3 3 1 4 2 4 3 2 1 T hat is, the four horizontal rows read downwards are identical in value and order with the four vertical columns read from left to right, while Tcl and fa lie in inverse symmetry upon, and fa and fa around, diagonals. Probably no other distribution would render cr4(#) more nearly symmetrical*.
Combining, as in former cases, the conditions of symmetry and rejecting incongruous results, we arrive at the quartic -£4 + ^ + £2 + £ + 1==(), of which the roots are the unreal fifth roots of unity. L et then «y, these roots, and let These two functions, r and t\ are circular, and complementary to each other. Since their product is unsymmetric relatively to x, it follows th a t t 4(x) cannot in general be rendered symmetric. Before proceeding to discuss this product, it will be convenient to introduce some other m atters connected with the general theory.
S ection I I .-Circular Functions and the New Cyclical Symbol. 7.
In the transformation and general treatm ent of the higher equations circular fun tions occupy a conspicuous place, and play an im portant part. An attentive considera tion of the structure of such functions will enable us to devise a calculus whereby opera tions upon them will be materially abridged. The theory is far from being complete, and its practical application admits of great improvement. In my original memoir I have proposed and applied a symbol which not only helps, I think, to throw some light on the general theory, b ut also enables us to effect with ease and rapidity calculations which would otherwise be very laborious, if not wholly impracticable. The method there employed exhibits to the eye and to the mind the various combinations of dimen-* When all the divisors of n are even, a cyclical arrangement must he adopted, as in the case for quartics (art. 4). When n is prime or odd, an arrangement similar to the above, or a modification of it, will probably be found available.
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sions without rendering it necessary to examine all the results of multiplication, or to make a hazardous selection of those which may be deemed material. Combining as many terms (n) in one as there are roots involved, the cyclical symbol reduces the labour Tl " T of multiplication alone by --t h ; and in passing from the circular to the corresponding symmetric function the process also affords considerable facilities.
8. Let %(0) be a function of x, and let of the roots contained in its q steps in a given cycle r. Ex. gr. Suppose that %( §)-XxX2, and that we are following the first cycle, which, indeed, may be taken as a type of all others, and is found in actual practice to be the most *(.. j easy with which to operate. Then, according to the definition, \ / X ( l ) =^35 % (2)-<r3r 4,
Or again, if we suppose w =5, and then, following the same cycle, we have
and so on. Next, let Xrx(O) or» more simply, ^%(0) * represent the circular function
Then,since each root recurs at every wth step in the cycle, we have
and by generalization and induction, S'x(S')=S'x(0). Hence T heorem I.-A circular function is not affected in value by the simultaneous advancing or receding of the roots which it contains any number of steps in the cycle to which i< belongs.
W hence it follows that ^,^1( 0 ).^;^2(0), or its equivalent,
and by simply interchanging Xl and Xa, we have also
Which gives us
T h eorem II.-The product of two circular functions belonging to the same cycle i itself a circular function to that cycle, and is given by the application of the cyclics symbol to the product of either function into the initial or leading terms of the other. I t should be remarked th at 27 is a symbol of cyclical operation, and subject to th same laws, with certain obvious limitations as if it were a symbol of quantity. Thuŝ
and, in general, if we develope {Xi(°)+ X 2(0H &c-}w by the multinomial theorem, and then apply the symbol 27 to each term, the result wi be equal to^{ X ! ( 0 ) + X 2 ( 0 ) + &C.}".
I t should also be remarked that if C be a function or quantity such that it is n( affected by the cyclical interchange of the roots, as when it is a constant quantity an therefore independent of the roots altogether, or as when it is a circular function an belongs to the same cycle as 27X(0), then will
The foregoing theorems are true for any circular functions whatever, whether ration? or irrational, integral or fractional. But the following holds only for those circular functions which are rational and integral. £EV. E. HABLEY ON THE METHOD OP SYMMETEIC PEODTJCTS.
whence, multiplying, bearing in mind that £n= l , and arranging the multiplicand as below^( 2^-2#>or2. Next, let us take the factor ---X i "j" coX2 -j~ ft/2# 3 "j-ft/3# 4"f" ft/4# 5, which enters into the resolvent product for quintics (art. 6). Then sr4(#), or
2)2-20^20:^2-(2a?i0:2)2+ 5 2 /a:1a:22 ,a:1a:3, which, by known relations among symmetric functions, may be readily put under tl form exhibited at the foot of art. 6.
I may notice here that if, in place of /(ft/), we had dealt with y*"^) , that is, 
which, making m = l , gives the resolvent product for quintics w4(#) = ( r 2 ) 2 --( r 1 r 2 ) 2 + 5 r î 3 4 -SX'x^XzXs-f-XgX^); or, expressing the symmetric portion of this value in terms of the coefficients of the quintic, and writing X for the unsymmetric portion %'x^(x2x & +#*£4), we have
(JL 12. The number of unequal values of the several functions r, r', tV, X and or4(#) may be determined by the following considerations. Since the coefficients of the several terms in the expression for r are equal, we may, in forming its values, regard one of the roots as fixed, while the others are permuted inter se. Thus we shall have 1 . 2 .3.4 cycles, giving rise to 24 corresponding expressions for r ; but since, for the first cycle, X * -X 1X2 --and similar relations obtain for the other cycles, therefore these 24 expressions may be grouped in pairs, the members of each pair being equal. Hence r has only 12 values. In the same way it may be shown that r f has only 12 values. And since the several values of r' may be referred to the same cycles which arise in the formation of the values of v, and since also r and 13 are complementary to each other (for their sum a one-valued function), it follows that tV, and therefore also X and k^x), are six-valued functions. An independent proof th at the resolvent product w4(#) is six-valued may be f^nnd in my original memoir, Section II., art. 15.
13.
Fixing two of the roots, and #2, and permuting the others, the following cycl arise, viz.:-
Six values of r will then be included in the formula to 6 ^1*^2J and the other values, which are in fact the corresponding values of r', will be included in the formulse,^1 == "I" ^3^5)5 6" And by Theorem III., art. 9, 'S k z z z^ (1 + 1 )^^3 = 2^# 2 # 3, a result which may be verified by actual development and summation. By Theorem II
or, multiplying out and reducing by the aid of Theorem I. *, we have X i=^i{ (# t#^ -\-x\xlaf^)
* In effecting reductions by the cyclical process, the greatest exponent is made the leading exponent
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339 and, therefore, by Theorem III., Operating in the same way upon X2, we are led to the corresponding value of X3, and thence to XX3. Repeating the operation upon X3, we find XX4; and so on. But it may be remarked here that in dealing with the higher dimensioned functions, it will be found convenient to drop the subject x and to work only with exponents. Thus, following the first cycle and omitting, for convenience, the unit-suffix, we have X=X'{ (21001) 14. We may regard X as the root of a sextic equation; and since the coefficients of any equation may be considered as known, when the sums of the powers of its roots are known, therefore the formulae in the last article may be considered as giving implicitly the coefficients of the sextic in X. The equation in X being once obtained, we may, by a transformation linear in X, deduce the sextic in 6 or in r r /. But the high dimensions of the symmetric functions in x present practical (almost insuperable) difficulties in passing to the corresponding functions of the coefficients of the quintic. Mr. Cayley has suggested to me a more convenient method, which, however, I must leave its author to expound himself.
15. But if, in place of the complete quintic, we take any one of the trinomial forms
to which, by the method of Mr. J errard, Mr. Cockle, or Professor Sylvester th complete quintic may be reduced, then the foregoing formulae may be made available For, any symmetric function of the roots may be resolved into a function of the sums of the powers of the roots, and these sums, in any of the above cases, can of course be easily calculated. Thus, taking the second form, (1*0=: -15a3e-\-5a?bd+5a2<?--5ab2c+l>4-And by definition (art. 1), ce appears that the symmetric product n is of twenty-four dimensions with respect to *. The partitions of twenty-four, for the quintic, are as follows The direct calculation of II would involve the prior calculation of the equation in X. But by combining Eulerian with Eagrangian functions, and introducing the resolvent product, we may obtain the symmetric product without forming the sextic.
17.
In order to facilitate operations it will be convenient to replace the coefficient of the first term by unity, and to suppose the quintic to be deprived of its second te rm ; that is, in effect, to deal with the equation under the form p-
(1, o, c, d ,*, / 3 > , 1)5= 0 . Then, if we assume f(com) = x x + 6 > 2 w #3+ + o^mx h-5/3m, where, as in former articles, oo is an unreal fifth root of unity, the following relation will obtain, viz. 18. If now we suppose one of the constituents, say /34, to vanish, and eliminate the remaining ones, the effect will be the same as if we supposed the symmetric product, expressed as a function of the coefficients, to vanish. For 54/3x/32/33/34=^; # The formulae here exhibited are E u l e r 's, or rather E u l e r 's as simplified by Mr. C o c k l e . They indi cate the connexion between the coefficients of the quintic and the constituents of its roots. Those consti tuents, by L a g r a n g e 's process, are expressed as rational functions of the roots. It is to be observed that In order to determine 7c (a constant numerical factor, dropped in the course of calcula tion), let us take the particular equation 
19.
We have thus obtained the symmetric product for the quintic wanting in its second term ; but it seems desirable on many grounds to calculate the product for the perfect form. A variety of methods of performing this calculation might be suggested. The reversal of the problem of transformation appears, at first sight, the most easy and practicable, and if in the foregoing expression for II the following substitutions be made, viz.-* 262 , * ----5 "+^ for ♦ But it will be found on trial that this process, though apparently simple, does in point of fact involve prodigious labour. Mr. Sam uel B il l s of Hawton, who kindly undertook to assist me in the calculation, communicated to me in the early part of the present year that portion of the expression into which f 3 enters. But the difficulties of the calcula tion and the want of means of verifying successive results have led him to abandon the work as impracticable. An equally effective and a' much more expeditious process is supplied by the following considerations. 20. It occurred to Mr. C ockle that the symmetric product for the perfect quintic x 3-5M#4-5P#3-52 -5 R # + E = 0 corresponding expression in P, Q, R and E is easily effected, and I find that the result (as yet unpublished) of the transformation isn = 5 ux 
. h a e l e y o n t h e m e t h o d o e s y m m e t b i c p e o d u c t s .
is given by the expression M3 D^r.M-l-bV*T72"""" ^ 1.2.3
where sr is the symmetric product for the imperfect form treated of in the foot-note under paragraph 18, D is the differential symbol
and others corresponding to them, hold. Mr. C ockle had further noticed that Dor is to be regarded as free from M, a condition substantially equivalent to the expunging of the portion of the operator y which will be presently considered. Although he had not accurately completed this process of derivation, yet he had made a near approach to its completion, when Mr. Cayley, to whom as well as to myself Mr. C ockle had communicated it, showed that the same results might be more immediately and conveniently obtained by means of the quantical calculus, and in so doing he incidentally corrected an oversight which I had already pointed out to Mr. C ockle. In a letter under date September 28, 1859, Mr. Cayley called my attention to the circumstance th at the several coefficients of the resolvent equation of the quintic are leading coefficients of a covariant. Mr. Cockle had previously suggested that the symmetric product II, or the last coefficient, was such a term. The test that a function of the roots may be such a term is that it is reduced to zero by the operation 4~ -f-I t is clear that this is the case with respect to each factor of the product Therefore it is also the case with the product itself; and since the like is true with respect to the other five values of 0, it is also true with respect to any symmetrical func tion of the six values. Consequently each coefficient of the sextic in & is the leading coefficient of a covariant. At present, however, we have only to deal with the last coefficient, that is, the symmetric product.
21. II is a seminvariant * reduced to zero by the operation * The term " Seminvariant " is due to Mr. Catley, who in a letter to me dated March 22, 1860, says, ûhe meaning is a function which is reduced to zero by one only of the operators which reduce to zero an invariant. It is in fact the leading coefficient of a covariant. It may also be defined as a function of the coefficients which is not altered by the substitution of for a?." Defined as functions of the coeffi cients which are not altered by the substitution of x -\for discussed such functions some years ago in the third and concluding volume of the ' Mathematician,' and •more recently in some of the other journals referred to in the foot-note under the first paragraph of this paper) calls " critical functions." I may add that some years since Mr. C ockle pointed out that the factors of the resolvent product, and, consequently, the product itself, are critical functions. and if we write V = 6 d i+ 4 £ d c+3<?dd4-2<Zde+ ed/ ; n = n 0+ n 16 + n 262+ . , . +nj>% n" is known, being what II becomes when the quintic is deprived of its second term, and n " n 2, . . . TTS may be found from it by means of the formulae n , = -| v'n", These formulae will enable us with comparative ease and great rapidity to derive the symmetric product for the complete quintic from that for the quintic wanting in its second term.
22.
But it is noteworthy that the complete value of a seminvariant or critical functio may always be deduced from the result obtained whei^ any coefficient (excepting only a, the first) vanishes. Thus, for the equation 9cI 3= -V'I2-2deI,, &c., which give I 1? I2, I3, &c. And it is easy to see how to obtain the corresponding formulae for the other cases, viz. when the given function is free from either <?, e, or The extension of the process to equations of other degrees than the fifth presents no difficulty.
23.
In applying the formulae in art. 21, it will be convenient to omit the consta numerical factor 56. The calculation may be thus conducted:-Terms in n o. Calculation of IIj. Then introducing the first coefficient (a) of the quintic and restoring the constant numerical factor (56), we have, for the complete form k e y . b . h a e l e y   o h th e m e t h o d o f s y m m e t b ic p b o d u c t Developing this expression, all the terms in II not affected by or f will be verified. 
25.
But a more complete verification is obtained by taking the sum of all t numerical coefficients that enter into the expression for II. That sum is -4761104, as it ought to be. 
